hep-th/0501167 
IPM/P-2005/004 



Supersymmetric D3-branes in Five-Form Flux 



Ali Imaanpur 

Department of Physics, School of Sciences 
Tarbiat Modares University, P.O. Box 14155-4838, Tehran, Iran 

Institute for Studies in Theoretical Physics and Mathematics (IPM) 
P.O. Box 19395-5531, Tehran, Iran 



Abstract 

We consider multiple Euclidean D3-branes in a specific supergravity so- 
lution, which consists of a self-dual 5-form RR field in a flat background. 
We propose a deformation of M = 4 SYM action describing the dynamics of 
D3-branes in this background. We look at the supersymmetries of M = 4 
SYM theory consistent with those preserved by the background. We derive 
the Chern-Simons action induced by the RR field, and show that the whole 
action can be supersymmetrized. This we do by deforming the supersymme- 
try transformations and using the BRST-like characteristic of the unbroken 
supercharges. 



1 Introduction 



AdS/CFT correspondence has provided a duality relation between M = 4 SYM 
theory on flat 4-dimensional space, on the one hand, and type IIB string theory in 
the background of AdS 5 x S 5 supplied with a self-dual 5-form RR field, on the other 
hand [1]. The RR field strength falls off to zero at the boundary, and hence has no 
effect on the dual SYM theory. However, recently there have been proposals [2, 3] 
for the corresponding SYM theory in the presence of a constant RR field, which 
in turn is shown to induce the non-anticommutativity of the fermionic parameters 
in superspace [4, 5, 6, 7, 8]. In the present work, starting from the Chern-Simons 
action, we would like to directly examine the effect of the background RR field on 
the dual M = 4 SYM theory. From the bulk point of view this requires having a 
background in which the RR field survives at the boundary. To survive the field 
theory limit, however, the RR field should be actually scaled to some large values. 

Consider a supergravity solution in which the RR field is due to some distant 
D-branes. A 5-form RR field would generically have a non-zero energy momentum 
tensor, and hence has a backreaction on the metric as is the case of usual AdS$ x S 5 
background. Here, we choose a self-dual 5-form in such a way that it has a zero 
energy momentum tensor and thus take the ten dimensional space time to be flat. 
This, however, requires to do a Wick rotation and work in Euclidean R 4 x R 6 , where, 
multiple Euclidean D3-branes are taken to extend along R 4 . In the absence of RR 
field, the action of D3-branes would be the ordinary U(N) M = 4 SYM theory 
obtained by dimensional reduction. However, when there is an RR field the action 
gets modified through the Chern-Simons term. For multiple D-branes, i.e., when 
the gauge group is non-abelian, we use the Myers' prescription to write down the 
Chern-Simons part [9, 10]. This provides us with the bosonic part of the Chern- 
Simons action. We then proceed to supersymmetrize this part making use of the 
Euclidean structure of the supersymmetry algebra. In so doing, we will deform the 
supersymmetry transformations of M = 4 theory, and use the BRST-like property 
of the unbroken supercharges. Let us then write down our result for the deformed 
SYM Lagrangian of multiple D3-branes in five-form flux: 

+ ^C^VW + (A*'[A Q , fe ] + [\ a , pfi&fj , (i) 

where C is the background flux, and the spinor fields are written in the representa- 
tions of the unbroken symmetry group. We will see that the extra terms will break 
M = 4 supersymmetry of the original action to an M = 1/2 deformed supersym- 
metry. The whole action, with a reduced chiral supersymmetry, describes the low 
energy dynamics of multiple D3-branes in the presence of the 5-form RR field. This 
is what we observe from the boundary point of view. It would be very interesting, 
though, to examine the dual bulk theory looking for the corresponding supergrav- 
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ity solutions. Note that what we consider here is the deformation induced on the 
boundary theory. The probe D3-brane actions in the bulk, on the other hand, are 
studied in supersymmetric type IIB vacua of AdS§ x S 5 [11], and gravitational plane 
wave [12]. Also, the dynamics of D3-branes in Z 3 x Z 3 orbifold with an RR five-form 
flux has been discussed in [13]. 

The organization of this paper is as follows. In the next section, we write down 
the RR field and discuss the supersymmetries it preserves. Then we work out the 
induced Chern-Simons term. In section 3, we decompose the field content and 
the supersymmetry transformations of M = 4 theory compatible with the preserved 
supersymmetries and space-time symmetries. This allows a clear examination of the 
theory, in particular, suggesting how to supersymmetrize the whole action. Along 
the way, we will encounter some similar structures to those appeared in [14]. We 
conclude in section 4, discussing the fixed points of the deformed transformations, 
as well as the dependence of the partition function on the RR field. 

2 The RR field and the Chern-Simons action 

To begin with, let us consider multiple Euclidean D3-branes embedded in a Eu- 
clidean ten dimensional space together with a self-dual RR 5-form C. The back- 
ground will be a solution to the supergravity field equations. We indicate the world- 
volume indices by . . . running from 1 to 4. The 6-dimensional subspace has the 
tangent indices I, J,K, . . . = 5, . . . , 10. Further, we choose the following constant 
5-form RR field: 

C^uUK = — ^iivpu tlJKMNL C paMNL , (2) 

with all other components set to zero. Note that in the above formula we have put 
an extra —i factor as we are considering a Euclidean ten dimensional space, so C is 
necessarily a complex field. C has two indices along the brane, and has been chosen 
in such a way that it has a zero energy momentum tensor and thus no backreaction 
on the metric. A simple way to construct such a form field is to choose a complex 
coordinate along the normal directions, with I = the tangent complex indices. 
Take C to be holomorphic in these directions, and set 

Cnijk — C^jk , (3) 

with all other components zero, consistent with the self-duality constraint (2), where 
tzwqzwq = i- Another way to get a holomorphic C field is to further require that C 
to be self-dual along the normal coordinates, namely 

C^uuk = -gj- cijkmnl C pu ^ ANL ■ (4) 
This is a covariant constraint which requires 

C\2ijk = ~Cs4ijk = , (5) 
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without touching (3). It is now obviously true that the energy momentum tensor 
of C vanishes, and hence the ten dimensional background space can be taken to be 
flat. 

Before discussing the Chern-Simons term, let us examine the number of super- 
symmetries that this configuration preserves by looking at the fermionic field varia- 
tions in type IIB supergravity. Firstly, the variation of dilatino vanishes upon taking 
a constant axion and dilaton fields. Secondly, let 77, the supersymmetry parameter 
be a constant, then the variation of gravitino vanishes if 

C, l/tjk T^ k T p r ] = (6) 
C^ k T^ k T I r ] = 0. (7) 

Let us write 77 = e<S>ip, where e and ip are four and six dimensional constant spinors, 
respectively. Using (3) and (5), it is now easy to see that Eqs. (6) and (7) are 
satisfied if e is left-handed, and ip is such that 

0# = 0, (8) 

where 7$ and 77 are the six dimensional complex gamma matrices obeying 

{7\7 J } = 2<^\ (9) 

Eq. (8) implies that ip is a singlet under SU(3) subgroup of 577(4). As C is self-dual 
along the brane it breaks the tangent 5*0(4) symmetry group to SU(2) R . Along the 
normal directions, on the other hand, it is proportional to e^, which is an invariant 
tensor of SU{3) subgroup of normal 50(6) symmetry group. Therefore, the RR 
field reduces the symmetry of background as follows, 

SU(2) R x SU(2) L x 50(6) -> SU{2) R x SU{3) , (10) 

where it is now clear that e a and ip are singlet spinors under SU(2) R x SU(3). So 
altogether we will have two (singlet) supersymmetries left after turning on the C 
field. 



2.1 Chern-Simons term 



Turning on a five-form RR field will deform the action of D-branes through the 
Chern-Simons term. As we have multiple D-branes, we use the Myers' prescription 
[9] to work out the bosonic part of this term. Then we proceed to supersymmetrize 
this part using the two singlet supercharges survived in the background. The Chern- 
Simons action of multiple D3-branes in a 4-form RR potential A reads 



where 



5 f -,s =//, /STr(P 
2tt 



3^) , 



A*4 = 



A = 2irr 8 . 



(11) 
(12) 
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As the only nonzero components of C are C^uk, its gauge field A can have compo- 
nents A^uk or A^ij. Upon expanding (11), and symmetrizing the trace the action 
becomes 

Scs = / tr [a, ijk (D^D^D^ - {Drf, F p(T }) 

+^<j> K d K A lu/IJ (ptfDrtf - % - {0V, i^}) } (13) 

Two terms in the second line cancel each other, and the remaining terms combine 
to give the final result 

Scs = ^f 90 J C^ijk tr (tfDptfD^* - i^ 1 <f> J (f> K F^) d 4 x , (14) 
where the five-form RR field strength is 

CfiuUK = d^A v uK — dyA^uK + diA^jK + OjA^ki + QrA^u . (15) 

Note that the two terms in (14), in spite of their appearence, are independent of 
each other. As expected, the result (14) is gauge invariant under the background 
gauge transformations. So far we have obtained the bosonic part of the Chern- 
Simons action, what remains is to work out the fermionic part and examine the 
supersymmetry of the action. 

3 D3-branes action in the RR field 

Let us start considering M = 4 SYM theory in Euclidean space. 1 This theory 
is to describe the low energy dynamics of Euclidean D3-branes in the absence of 
any background field. Among the four supercharges of this theory, we will be only 
interested on those which are consistent with the supersymmetries preserved by the 
RR field. Therefore, in the following, we will decompose the Lagrangian and the 
field transformations of M = 4 SYM theory compatible with the global symmetry 
group, SU(2)r x SU(3). And then we will proceed to supersymmetrize the Chern- 
Simons term. First, we start with the Lagrangian in Euclidean space and decompose 
it under SU(3). The Lagrangian reads 

C = ^tr\^F IIU F^ + D fl <j )I Dy I + 2t\ A fl\ A 

- £W/{A A , A*} - SfV {A A , \ B } - 0,] 2 } . (16) 

For a discussion of the Euclidean structure of the Lagrangian and its derivation from ten 
dimensional N = 1 SYM theory look at [15], for instance. The Lagrangian that we consider in 
this paper, however, is obtained by dimensional reduction from Euclidean ten dimensional space. 
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Here A, B . . . refer to the SU (4) spin indices, the SU(2) spin indices are implicit 
and not written. Setting £1 = 0, the supersymmetry transformations become 



6A„ = -i\aAO"X 
Stf = -iX aA ^ AB Ca 

5\aA=-C B <aD^ I AB , (17) 

with the following conventions: <t m = (<7j, — i), <r M = {a^i) , = \{opSy v — er^er^), 
and S/j = i(S/Sj— SjS/), which are related to the six dimensional gamma matrices 

7' = ( ° , f ) , (18) 

also, = d fi A u — + i[An, A v \ , -D^ 7 = d^ 1 + 7 ]. Note that as we are 
working in Euclidean ten dimensional space, no reality condition can be imposed on 
spinors \ A and A^. 

To look at the supersymmetries consistent with those of the background we 
decompose the spinors as follows [16]. Introduce a constant left-handed spinor 9, 
which satisfies ji9 = 0, and the following Fierz identities 

00t + i 7 W 7 i = ^(1-77) (19) 

W + 1^00*75= 1(1 + 77). (20) 

We normalize 9^9 = 1. As 9 is a singlet under SU(3), we have 

0t 7 y = 25 fj 
9 t ia j i k 9 = 2V2e ijk 
-tfy lTjTk 9* = 2V2e i] - k . 

Correspondingly, the spinor fields are decomposed as 

X aA = eX a + LyiQ*)« (21) 

A» =-rA" + ^Af, (22) 

where a and a are the four dimensional spinor indices. Note that A a and A" are now 
a singlet and a triplet under SU(3), respectively. For the supersymmetry parameter 
of gauge theory to be consistent with that of background, on the other hand, we are 
to set 

= 0e a , a = . (23) 
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Let us therefore write the Lagrangian in terms of representations of £77(3): 
C = -itr ^F^ + D^D^ 1 -^ I ,<f>j} 2 -2iXpX-iX i p\ i 

- 20*{A, Xi} + 20*{A, Xj} - ^e^{A', A fc } + ^e w J{X\ A s }| . (24) 

For the supersymmetry transformations we will get 

8A fl = iea^X 

8 <pi = ieXi , 8(pi = 

8X a = l -F liV {a^) a h e b + i[ ( p % ^}e a 

8X ai = -V2ie ijk \(p ] ,(p k ]e a 
8X d = 

8X &1 = ~2e a a^D,(p- t . (25) 

Recall that the RR field reduced the symmetry of the background to SU(2) R x 
SU(3). So far we have decomposed the field content in terms of representations of 
SU (3). In the next step we are going to look at the transformation properties of the 
fields under SU(2)r. The supersymmetry parameter e a is a doublet under SU(2)l, 
however, this symmetry is broken and under SU{2)r each component transforms as 
a singlet, hence let us set 

e = e 1 , e 2 = , (26) 
the transformations (25) then become 

8 A" = ie<A d 

8(pi = ieXu , 8(pi = 



2 

8X 2i = -V2ie ijk [(p j , (p k ]e , 8X U = 
8X„ = 



8X 2 = ^F ul ,(a"K).ic + l \o l .o>] < 



fe = -2e</J^. (27) 

Similarly, let rj = e 2 , e 1 = 0, the second part of (25) reads 

6A» = iw^X* 

8(pi = ir]X 2i , 8(pi = 
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5A 2 = --F^a^V 



1 

2" 

SX U = V2ie ijk [(p j , (p k ]r] , 5\ 2i = 

8\ ia = -2r,<T&D li <f>- i . (28) 

The above field transformations become more transparent if we write them in 
complex coordinates along the brane with /i = (a, a). Consider the following one- 
form: 

5 A = 5A fl dx>* = iea^iXdx^ = ie(X 2 dz + X 1 did) = ieX a dz" , (29) 
hence we can think of A 2 and A 1 as complex components of a one-form and set 

— A| — A = Aj , X 2 = A — \yj . (30) 

Also we have 

d a = (31) 

d a = -e hh a^8,. (32) 

Note that there is no A Q . Further define A = Ai = —A 2 , ip = X 2 = A 1 , and 
Xj = \ii , i^i = \ 2 i, the Lagrangian (24) now reads 

i ri _ _.„. i 



- -tr {-F„ U F^ + D^jDy 1 - ^[<Pj, <Pj} 2 

- 2iipD a X a + 2ie a p\D a \ p - iipiD a X ai + ie^LPX* 

- 2PM, A,} + 20 1 {A, ^} + V2e^- k fy^, A*} 

- 2e Q/3 0,{A a , A*} + ^e Q/3 e^{A% A"*}} , 



(33) 



here we have defined e zw = e zw = — (a zw ) 2 = 1. For the supersymmetry transfor- 
mations, if we set 

5 = ieQ, 5 = ir]Q, (34) 
then (27) and (28) are compactly written as 
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where we have introduced the auxiliary field H 

H = iS^F^ (35) 

to close the algebra off-shell. In particular, note that the above algebra is BRST- 
like; Q 2 (Q 2 ) acting on any field gives zero. Moreover, notice the behaviour of fields 
under rotation; there is no spin half field. Actually what we have done is an implicit 
twisting of the theory. 

3.1 The supersymmetric action 

In this section, we make use of the BRST-like property of the supercharges to 
super symmetrize the first part of the Chern-Simons term (14). For the second 
part, this method does not work and we are led to deform the supersymmetry 
transformations instead. This deformation, however, is done in such a way that 
the algebra still closes. Let us begin with the Chern-Simons action (14) in complex 
coordinates 

ScS = WfI Cl3ktT (f Da VV^ k - & D a (j) j D a (j) k + 2*0 W<^ a/ 3) d 4 x , (36) 

where C zS ijk = Cwwijk = Cyfc- With regard to the BRST characteristic of the 
supercharge Q, it is not difficult to supersymmetrize the Chern-Simons action. In 
fact, the bosonic parts can be produced as follows. 2 Let 

2 Fom now on wc absorb the factor ^ appearing in front of the CS action into the C field. 
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and, 

= l^tr ^0>^ fc r^-^ e ^V^ Q A^ . (37) 
Now, we check that 

[Q,£i] = 0, [Q,4] = 0, (38) 

which could also be seen noticing that Q 2 = 0. Furthermore, £x is invariant under 
Q; [Q, Ci] = 0. However, the problem with C 2 is that it is not invariant under Q, 

[Q,C' 2 }^0. (39) 

Therefore, to make the last term in (36) supersymmetric under both Q and Q, 
we propose to deform the supersymmetry transformations of ip an d A as follows: 



{Q, ^} = i6°^F a p + [0,, 0*] + C ljfe 0W (40) 
{Q, A} = i5 a ^F a - p - l ] + C^W . (41) 

With this change, we can easily see that the variation of —2iipD a \ a (2ie a/ 3A-D a A /3 ) 
in C cancels the variation of 

£ 2 = ^C yJfc tr (42) 

under Q(Q). Further, since i,j,k . . . run from 1 to 3, note that the C dependent 
part of the variations of 4> l {ip, \i} Aj}) in C vanish: 

{g,tr = C ijk ti (0W [A,,0']) =0 

{g,tr (V{A,A,})} = C^.tr (</>W [A,,0<]) =0. 

And, as there is no or A in £ x , the changes we made in (40) and (41) do not affect 
the invariance of £±. Hence we have shown that 

C c = C + d + C 2 , (43) 

is invariant under both Q and Q. Since [Q, cpj] = [Q,(f>j] =0, the new supersymmetry 
transformations still close on-shell. Moreover, we could have added the term 

C 3 = \tr (C^W)* , (44) 

to the Lagrangian. This is of course a supersymmetric term, which, as we will 
shortly discuss, allows us to sum up bosonic parts of the action into a square. 
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4 Remarks and Conclusions 



Regarding the deformed supersymmetry transformations, the following remarks are 
in order. Firstly, let us look at the fixed points locations of the supercharges action. 
In fact, if we set the variations of ip and A to zero we have 

i$ a$ F a p + [0,, 0*] + CiftPPtf = (45) 
i8^F a - p - [0,, 0*] + = , (46) 

whereas, {Q,ipi} = and {Q, Aj} = imply 

e yfc [0 J ,0l = O. (47) 

So, after all, upon combining the above equations we come up with the ordinary 
instanton equations as the fixed points of the action of the supercharges: 

rt^ = 0, F a p = F^ = 0. (48) 

As a final comment, let us add £ 3 in (44) to the Lagrangian, and look at the 
variation of the action with respect to the RR field. Since Ci is a Q-commutator, 
its variation with respect to C is also a Q-commutator. As for the variation of C 2 
and £3 we get 

d tr (21 c mnl m 0V + (cw"W) : 



= |tr(0Wl (i5 a ~ p F a - p + C mnl <P<t> n <t> 1 )) = |{g,tr(0[W ] ^)}(49) 
the last equality follows because of (40), and the fact 

tr (0W ] [0/,0l) =0. (50) 

Therefore we observe that the variation of the action with respect to the RR field is 
a Q-commutator. Assuming that the supersymmetry is not spontaneously broken, 
(49) implies that the partition function is independent of C: 

5Z -1 r / ( / , r , ,, ,., , % 



SC ijk 3! • g 2 



Q , tr (2^^^ V + % -e a p (0 [i A ft ' J D a fe] - (^D^X^fj |^ = 0. 

(51) 

This is reminiscent of the result obtained in M = 1/2 SYM theory [17]. 

At the end, let us briefly sum up and conclude. We considered a five-form 
flux with zero energy momentum tensor, and looked at the (super) symmetries it 
preserves. We derived the bosonic part of the Chern-Simons action. We then de- 
composed the Lagrangian of M = 4 SYM theory in terms of the representations of 
SU(2)ji x SU(3), which is the symmetry group of the background after turning on 
the flux. Using the BRST property of the unbroken supercharges, together with the 
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deforming of the supersymmetry transformations, we were able to supersymmetrize 
the Chern-Simons action. The whole action then turned out to have a reduced chiral 
Af = 1/2 supersymmetry. 
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